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RIGHT-ANGLED ARTIN PRO-p GROUPS
ILIR SNOPCE AND PAVEL ZALESSKII
Abstract. Let p be a prime. The right-angled Artin pro-p groupGΓ associated
to a fnite simplicial graph Γ is the pro-p completion of the right-angled Artin
group associated to Γ. We prove that the following assertions are equivalent:
(i) no induced subgraph of Γ is a square or a line with four vertices (a path of
length 3); (ii) every closed subgroup of GΓ is itself a right-angled Artin pro-p
group (possibly infinitely generated); (iii) GΓ is a Bloch-Kato pro-p group; (iv)
every closed subgroup of GΓ has torsion free abelianization; (v) GΓ occurs as
the maximal pro-p Galois group GK(p) of some field K containing a primitive
pth root of unity; (vi) GΓ can be constructed from Zp by iterating two group
theoretic operations, namely, direct products with Zp and free pro-p products.
This settles in the affirmative a conjecture of Quadrelli and Weigel. Also, we
show that the Smoothness Conjecture of De Clercq and Florens holds for right-
angled Artin pro-p groups. Moreover, we prove that GΓ is coherent if and only
if each circuit of Γ of length greater than three has a chord.
1. Introduction
Throughout the paper p denotes a prime. Let K be a field. The absolute
Galois group of K is the profinite group GK = Gal(Ks/K), where Ks is a sep-
arable closure of K. The maximal pro-p Galois group of K, denoted by GK(p),
is the maximal pro-p quotient of GK . More precisely, GK(p) = Gal(K(p)/K),
where K(p) is the composite of all finite Galois p-extensions of K (inside Ks).
Describing absolute Galois groups of fields among profinite groups is one of the
most important problems in Galois theory. Already describing GK(p) among pro-
p groups is a highly non-trivial task; there has been an intensive study in this
direction during the last few decades. Efrat conjectured that if GK(p) is finitely
generated, then it can be built from Zp, Demushkin groups and Z/2Z if p = 2, by
iterating two group theoretic operations, namely, free pro-p products and certain
semidirect products; this is the so-called elementary type conjecture (cf. [10] and
[11]). Pro-p groups that can be obtained as in the elementary type conjecture are
said to be of elementary type.
A particular challenge is to determine what special propertiesGK(p) have among
all pro-p groups; so far only a few properties have been found (cf. for example [2],
[20], [12], [26] and references therein). A pro-p group G is called H•-quadratic (or
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simply quadratic) if the the graded algebraH•(G,Fp) =
⊕
n≥0H
n(G,Fp), endowed
with the cup product and with Fp as a trivial G-module, is a quadratic algebra over
Fp, i.e., all its elements of positive degree are combinations of products of elements
of degree 1, and its defining relations are homogeneous relations of degree 2 (see
[25]). A pro-p group G is called a Bloch-Kato pro-p group if every closed subgroup
U of G is quadratic (see [24]). From the positive solution of the Bloch-Kato
conjecture by Rost and Voevodsky with a ‘patch’ of Weibel (cf. [30], [34] and [35])
it follows that the maximal pro-p Galois group GK(p) of a field K that contains
a primitive pth root of unity is a Bloch-Kato pro-p group. It is remarkable that
we do not know a single example of a Bloch-Kato pro-p group which is not of
elementary type.
Let Γ be a simplicial graph with vertex set V (Γ) and edge set E(Γ). The
right-angled Artin group G(Γ) associated to Γ is the group with generating set
V (Γ), with the relation that vertices u and v commute imposed whenever u and
v span an edge of Γ. Right-angled Artin groups play a central role in geometric
group theory (see [5] and references therein). Fundamental groups of hyperbolic
3-manifolds ([1], [14] and [36]), 1-relator groups with torsion ([36]) and many small
cancellation groups ([1] and [36]) are virtually special groups, and every special
group embeds in a right-angled Artin group ([13]).
If Γ is finite, then the right-angled Artin pro-p group GΓ associated to Γ is
defined to be the pro-p completion of G(Γ). Thus GΓ is the pro-p group defined
by the following pro-p presentation:
GΓ = 〈V (Γ) | [u, v] = 1 if and only if {u, v} ∈ E(Γ)〉.
An infinitely generated right-angled Artin pro-p group is defined by the same pro-
p presentation for an infinite profinite graph Γ without loops (see Section 2).
Kropholler and Wilkes proved that right-angled Artin groups associated to finite
graphs are determined by their pro-p completions (see [18, Theorem 4]). This
shows that the class of right-angled Artin pro-p groups is at least as rich as the
class of the abstract ones.
Kim and Roush proved that the Fp-cohomology algebra of a right-angled Artin
group G(Γ) associated to a finite graph is quadratic ( [15]), while Lorensen proved
that the Fp-cohomology algebra of G(Γ) coincides with that of its pro-p completion
GΓ ([19]). Hence, right-angled Artin pro-p groups associated to finite graphs
are quadratic. Therefore the question of characterizing Bloch-Kato pro-p groups
among the right-angled Artin pro-p groups appears naturally. This question has
attracted experts in the field, since this could provide us a possible candidate for a
Bloch-Kato pro-p group which is not of elementary type. The following conjecture
is due to Quadrelli and Weigel.
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Conjecture 1.1. Let Γ be a finite simplicial graph and let G = GΓ be the right-
angled Artin pro-p group associated to Γ. Then G is a Bloch-Kato pro-p group if
and only if no induced subgraph of Γ has either of the two forms
C4
L3
By [24, Theorem 5.6], the right-angled Artin pro-p group GC4 is not Bloch-Kato;
in particular, it does not occur as the maximal pro-p Galois group GK(p) of some
field K containing a primitive pth root of unity. Quadrelli and Weigel conjectured
that GL3 does not occur as GK(p) as well (cf. [4]); clearly, this would follow from
Conjecture 1.1.
The main purpose of this paper is to show that all these conjectures hold. Before
stating our main result, we will discuss one more property of a p-Sylow subgroup
of the absolute Galois group of a field containing all p-power roots of unity. A
pro-p group G is called absolutely torsion free if for every closed subgroup H
of G the abelianization Hab is torsion free. This property was introduced and
studied by Wu¨rfel in [37]. Free pro-p groups, free abelian pro-p groups and pro-p
completions of surface groups are examples of absolutely torsion free pro-p groups.
Wu¨rfel proved that the class of absolutely torsion free pro-p groups is closed under
forming inverse limits and free pro-p products (see [37, Proposition 3]); moreover,
he proved that a direct product of a free abelian pro-p group and an absolutely
torsion free pro-p group is absolutely torsion free. One may ask are there any
other pro-p groups that are absolutely torsion free. Since the abelianization of
every right-angled Artin pro-p group is torsion free, it is a natural problem to
determine which of these groups are absolutely torsion free.
Finally, we are ready to state the main result of our paper.
Theorem 1.2. Let Γ be a finite simplicial graph and let G = GΓ be the right-angled
Artin pro-p group associated to Γ. Then the following assertions are equivalent:
(i) No induced subgraph of Γ has either of the two forms
C4
L3
(ii) Every closed subgroup of G is itself a right-angled Artin pro-p group.
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(iii) G is an absolutely torsion free pro-p group.
(iv) G is a Bloch-Kato pro-p group.
(v) G occurs as the maximal pro-p Galois group GK(p) of some field K con-
taining a primitive pth root of unity.
(vi) G can be constructed from Zp by iterating two group theoretic operations:
direct products with Zp and free pro-p products.
Recently, in [21], Mina´cˇ et al. conjectured that the Fp-cohomology algebra
H•(GK(p),Fp) =
⊕
n≥0H
n(GK(p),Fp) of GK(p) is universally Koszul (see [21] for
the definition and related notions), whenever K is a field containing a primitive
pth root of unity. Universal Koszulity is a very strong property. Cassella and
Quadrelli proved that the Fp-cohomology algebra H
•(GΓ,Fp) of a right-angled
Artin pro-p group associated to a finite graph Γ is universally Koszul if and only
if no induced subgraph of Γ is a square C4 or a line with four vertices L3 (cf. [4,
Theorem 5.2]). This result together with Theorem 1.2 imply that one can not
find a counterexample to the conjecture of Mina´cˇ et al. among right-angled Artin
pro-p groups.
Corollary 1.3. Let Γ be a finite simplicial graph. Then GΓ occurs as the maximal
pro-p Galois group GK(p) of some field K containing a primitive pth root of unity
if and only if the Fp-cohomology algebra H
•(GΓ,Fp) is universally Koszul.
A p-oriented profinite group is a profinite group G with a continuous homo-
morphism θ : G → Z×p , where Z
×
p is the group of units of Zp. Given a p-oriented
profinite group (G, θ), let Zp(1) be the (left) Zp[[G]]-module defined in the following
way: Zp(1) is equal to the additive group of Zp and the G-action is given by
(1.1) g · z = θ(g) · z, for g ∈ G and z ∈ Zp(1).
Here Zp[[G]] denotes the completed Zp-group algebra of G.
A p-oriented profinite group (G, θ) is called 1- smooth (1-cyclotomic in [26]), if
it satisfies one of the following equivalent conditions (see [6, Def. 14.18] and [26,
Fact 2.1] ):
(i) H2cts(U,Zp(1)) is a torsion free abelian group for every open subgroup U of
G;
(ii) the natural epimorphism Zp(1)։ Zp(1)/pZp(1) induces an epimorphism
H1cts(U,Zp(1))։ H
1(U,Zp(1)/pZp(1))
for every open subgroup U of G.
Here H1cts(G,−) denotes continuous co-chain cohomology as introduced by Tate
in [33].
In [6], De Clercq and Florens stated the following conjecture, which is known
as the Smoothness Conjecture.
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Conjecture 1.4. [6, Conj. 14.25] If a profinite group G can be equipped with a
continuous homomorphism θ : G → Z×p such that (G, θ) is 1-smooth, then G has
the weak Bloch-Kato property.
As claimed by the authors, the work in [6] is motivated by the search for an
“explicit” proof of the Bloch-Kato conjecture in Galois cohomology. For the defi-
nition of the weak Bloch-Kato property see [6, Def. 14.23]. Here we only remark
that every Bloch-Kato pro-p group has the weak Bloch-Kato property. Our next
result, which essentially follows from Theorem 1.2, shows that the Smoothness
Conjecture holds for right-angled Artin pro-p groups.
Theorem 1.5. Let Γ be a finite simplicial graph and let G = GΓ be the right-angled
Artin pro-p group associated to Γ. Then G can be equipped with a continuous
homomorphism θ : G → Z×p such that (G, θ) is 1-smooth if and only if G is a
Bloch-Kato pro-p group.
Recall that a pro-p group G is of (homological) type FP∞ if the trivial pro-
p Zp[[G]]-module Zp has a pro-p projective resolution with all Zp[[G]]-modules
finitely generated; equivalently, if the Galois cohomology groups H i(G,Fp) are
finite for each i ≥ 0 (see [23, Theorem1.6]). A pro-p group G is called coherent
if each of its finitely generated closed subgroups is finitely presented. Our final
result characterizes right-angled Artin pro-p groups with these two properties.
Theorem 1.6. Let Γ be a finite simplicial graph and let G = GΓ be the right-angled
Artin pro-p group associated to Γ. Then the following assertions are equivalent:
(i) Each circuit of Γ of length greater than three has a chord.
(ii) G is coherent.
(iii) Every finitely generated subgroup of G is of type FP∞.
For (abstract) right-angled Artin groups, the equivalence of (i) and (ii) was
proved by Droms in [9], while (ii) and (iii) are not equivalent. In [3], Bestvina
and Brady gave examples of abstract groups of type FP∞ that are not finitely pre-
sented, solving a longstanding open problem; indeed, their examples are subgroups
of some right-angled Artin groups.
2. Preliminaries on Bass-Serre theory for pro-p groups
In this section we collect results from the theory of pro-p groups acting on pro-p
trees that will be used in the paper. Throughout the paper, all groups are pro-p
groups, subgroups are tacitly taken to be closed, homomorphisms are continuous
and by generators we mean topological generators as appropriate.
We start with some definitions, following [28].
A profinite graph is a triple (Γ, d0, d1), where Γ is a boolean space and d0, d1 :
Γ → Γ are continuous maps such that didj = dj for i, j ∈ {0, 1}. The elements
of V (Γ) := d0(Γ) ∪ d1(Γ) are called the vertices of Γ and the elements of E(Γ) :=
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Γ − V (Γ) are called the edges of Γ. If e ∈ E(Γ), then d0(e) and d1(e) are called
the initial and terminal vertices of e. If there is no confusion, one can just write
Γ instead of (Γ, d0, d1).
A morphism f : Γ → ∆ of profinite graphs is a map f which commutes with
the di’s. Thus it sends vertices to vertices, but might send an edge to a vertex.
Every profinite graph Γ can be represented as an inverse limit Γ = lim
←−
Γi of its
finite quotient graphs ([28, Proposition 1.5]).
A profinite graph Γ is said to be connected if all its finite quotient graphs are
connected. Every profinite graph is an abstract graph, but in general a connected
profinite graph is not necessarily connected as an abstract graph.
Definition 2.1. Let Γ be a profinite graph without loops. A pro-p group GΓ
given by the pro-p presentation GΓ = 〈v ∈ V (Γ) | [d0(e), d1(e)] = 1, e ∈ E(Γ)〉 is
called a right-angled Artin pro-p group.
If Γ does not have edges, then clearly GΓ is a free pro-p group F (V (Γ)) on
the space of vertices. If Γ is finite disconnected, then GΓ is a free product of
right-angled Artin pro-p groups associated to its connected components.
Let (E∗(Γ), ∗) = (Γ/V (Γ), ∗) be the pointed profinite quotient space with V (Γ)
as distinguished point, and let Fp[[E
∗(Γ), ∗]] and Fp[[V (Γ)]] be respectively the
free profinite Fp-modules over the pointed profinite space (E
∗(Γ), ∗) and over the
profinite space V (Γ) (cf. [27, Section5.2]). Note that, when E(Γ) is closed, then
Fp[[E
∗(Γ), ∗]] = Fp[[E(Γ)]]. Let the maps δ : Fp[[E
∗(Γ), ∗]] → Fp[[V (Γ)]] and
ǫ : Fp[[V (Γ)]]→ Fp be defined respectively by δ(e) = d1(e)−d0(e) for all e ∈ E
∗(Γ)
and ǫ(v) = 1 for all v ∈ V (Γ). Then we have the following sequence of free profinite
Fp-modules
0 −−−→ Fp[[E
∗(Γ), ∗]]
δ
−−−→ Fp[[V (Γ)]]
ǫ
−−−→ Fp −−−→ 0.
The profinite graph Γ is a pro-p tree if the above sequence is exact. If T is a
pro-p tree, then we say that a pro-p group G acts on T if it acts continuously on
T and the action commutes with d0 and d1.
When we say that (G,Γ) is a finite graph of pro-p groups we mean that it contains
the data of the underlying finite graph, the edge pro-p groups, the vertex pro-p
groups and the attaching continuous maps. More precisely, let Γ be a connected
finite graph. A graph of pro-p groups (G,Γ) over Γ consists of specifying a pro-p
group G(m) for eachm ∈ Γ, and continuous monomorphisms ∂i : G(e) −→ G(di(e))
for each edge e ∈ E(Γ).
A morphism of graphs of pro-p groups (α, α¯) : (G,Γ) → (H,∆) is a pair of
continuous maps α : G −→ H, α¯ : Γ −→ ∆ such that αG(m) : G(m) −→ H(α¯(m))
is a homomorphism for each m ∈ Γ and the following diagram commutes
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G
α
//
∂i

H
∂i

G
α¯
// H
We say that (α, α¯) is a monomorphism if both α, α¯ are injective. In this case its
image will be called a subgraph of groups of (H,∆). In other words, a subgraph
of groups of a graph of pro-p-groups (G,Γ) is a graph of groups (H,∆), where ∆
is a subgraph of Γ (i.e., E(∆) ⊆ E(Γ) and V (∆) ⊆ V (Γ), the maps di on ∆ are
the restrictions of the maps di on Γ), and for each m ∈ ∆, H(m) ≤ G(m).
The fundamental pro-p group
G = Π1(G,Γ)
of a finite graph of pro-p groups (G,Γ) is defined by means of a universal property:
G is a profinite pro-p group together with the following data and conditions:
(i) a maximal subtree D of Γ;
(ii) a collection of continuous homomorphisms
νm : G(m) −→ G (m ∈ Γ),
and a continuous map E(Γ) −→ G, denoted e 7→ te (e ∈ E(Γ)), such that
te = 1 if e ∈ E(D), and
(νd0(e)∂0)(x) = te(νd1(e)∂1)(x)t
−1
e , ∀x ∈ G(e), e ∈ E(Γ);
(iii) the following universal property is satisfied:
whenever one has the following data
• H is a pro-p group,
• βm : G(m) −→ H , (m ∈ Γ), a collection of continuous homomor-
phisms,
• a map e 7→ se (e ∈ E(Γ)) with se = 1 if e ∈ E(D), and
• (βd0(e)∂0)(x) = se(βd1(e)∂1)(x)s
−1
e , ∀x ∈ G(e), e ∈ E(Γ),
then there exists a unique continuous homomorphism δ : G −→ H such
that δ(te) = se (e ∈ E(Γ)), and for each m ∈ Γ the diagram
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G
δ

G(m)
νm
<<②②②②②②②②
βm ""❊
❊❊
❊❊
❊❊
❊
H
commutes.
If (G,Γ) is a finite graph of finitely generated pro-p groups, then by a theorem of
Serre (stating that every finite index subgroup of a finitely generated pro-p group
is open, cf. [27, §4.8]) the fundamental pro-p group G = Π1(G,Γ) of (G,Γ) is the
pro-p completion of the usual fundamental group π1(G,Γ) (cf. [32, §5.1]).
In [38, paragraph (3.3)], the fundamental pro-p group G is defined explicitly in
terms of generators and relations associated to a chosen subtree D. Namely,
Π1(G,Γ) = 〈G(v), te | Rel(G(v)), te = 1 for e ∈ D, ∂0(g) = te∂1(g)t
−1
e , for g ∈ G(e)〉
Moreover, in the same paper it is also proved that the definition given above is
independent of the choice of the maximal subtree D.
Associated with the graph of pro-p groups (G,Γ) there is a corresponding stan-
dard pro-p tree T = T (G) =
⋃
m∈ΓG/G(m) (cf. [38, Theorem 3.8]) . The vertices
of T are those cosets of the form gG(v), with v ∈ V (Γ) and g ∈ G; the incidence
maps of T are given by the formulas:
d0(gG(e)) = gG(d0(e)) and d1(gG(e)) = gteG(d1(e)), for e ∈ E(Γ).
There is a natural continuous action of G on T , and clearly G\T = Γ. If H
is an open subgroup in G, then ∆ = H\T is finite and there exists a standard
connected transversal s : ∆ −→ T .
The following structure theorem for open subgroups will be used in the proof
of our main result.
Theorem 2.2. ([39, Corollary 4.5]) Let H be an open subgroup of the fundamental
pro-p group Π1(G,Γ) of a finite graph of pro-p groups. Then H is the fundamental
pro-p group H = Π1(H,∆) with ∆ = H\T and vertex and edge groups H(m) of
(H,∆) are stabilizers Hs(m), where s : ∆ −→ T is a connected transversal of ∆ in
T .
3. Main results
In this section we prove Theorem 1.2.
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Theorem 3.1. Let G = GL3 be the right-angled Artin pro-p group associated to
the following graph
L3
Then G is not a Bloch-Kato pro-p group.
Proof. Note that G has the following pro-p presentation
G = 〈x, y, z, w | [x, y] = [y, z] = [z, w] = 1〉.
Hence, we can consider G as the fundamental pro-p group of the following graph
of pro-p groups:
〈x〉 × 〈y〉
〈y〉 × 〈z〉
〈z〉 × 〈w〉
〈y〉 〈z〉
Let Cp = 〈a〉 be a cyclic group of order p and f : G ։ Cp be an epimorphism
defined by f(y) = f(z) = 1 and f(x) = f(w−1) = a. Then U = ker(f) is a
subgroup of G of index p generated by xp, wp, y, z, zx
i
, and wixi = ti for i =
1, . . . p − 1, subject to the relations [xp, y] = [y, z] = [z, w] = 1 and zti = zx
i
for i = 1, . . . p − 1, as it follows from Theorem 2.2. More explicitly, U is the
fundamental pro-p group of the following graph of pro-p groups.
〈xp〉 × 〈y〉
〈y〉 × 〈z〉
〈z〉 × 〈wp〉
〈yx〉 × 〈zx〉
〈yx
p−1
〉 × 〈zx
p−1
〉
〈y〉
〈yx
p−1
= y〉
〈zt1〉 = 〈zx〉
〈ztp−1〉 = 〈zx
p−1
〉
〈z〉
〈yx = y〉
Restrict this graph of pro-p groups to the subgraph of groups of the lower four
edges, replacing the vertex group 〈xp〉×〈y〉 by 〈y〉 and the vertex group 〈z〉×〈wp〉
by 〈z〉.
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〈y〉
〈y〉 × 〈z〉
〈z〉
〈yx〉 × 〈zx〉
〈y〉
〈zt1〉 = 〈zx〉
〈z〉
〈yx = y〉
The fundamental pro-p group of this subgraph is a subgroup
H = 〈y, z, zx, t1 = wx | [y, z] = 1 = [y, z
x], zt1 = zx〉.
Thus H = 〈z, t1, y | [z, y] = 1 = [z
t1 , y]〉. But 1 = [zt1 , y] = [[z, t1], y] and by
[22, Theorem 7.3] (see also [25, Proposition 2.4]), a quadratic pro-p group cannot
have such a relation as a part of a minimal set of relations that define the group.
Hence H is not quadratic. 
Since the maximal pro-p Galois group of a field K that contains a primitive pth
root of unity is a Bloch-Kato pro-p group (as it follows from the solution of the
Bloch-Kato conjecture), we deduce the following
Corollary 3.2. The right-angled Artin pro-p group G = GL3 cannot be realized as
a maximal pro-p Galois group of some field K that contains a primitive pth root
of unity.
Theorem 3.3. The right-angled Artin pro-p group G = GL3 is not absolutely
torsion free.
Proof. Let H be the subgroup of G considered in the proof of Theorem 3.1. Then
H = 〈y, z, zx, t = wx | [y, z] = 1 = [y, zx], zt = zx〉
= HNN(H1 = 〈y, z, z
x〉, zt = zx, t).
Note that H1 = 〈y〉 × F (z, z
x) is a direct product of a procyclic group and a free
pro-p group of rank 2. Then V1 = 〈yz, yz
x, yp〉 is a subgroup of index p in H1.
Indeed, the natural projection H1 −→ F (z, z
x) restricted to V1 is surjective and
so its image in H1/〈y
p〉 ∼= Cp × F (z, z
x) has index p.
Now let V = 〈V1, t〉. Then V = HNN(V1, (z
x)p = (zp)t, t) and
V ab = (V ab1 /[t, z
p])⊕ 〈t〉 =
(
(〈yp〉 ⊕ 〈yz〉 ⊕ 〈yzx〉)/〈(zx)pz−p〉
)
⊕ 〈t〉.
Since y is central in V1, we have z
p = (yz)py−p and (zx)p = (yzx)py−p. Thus
putting a = yp, b = yz, c = yzx and passing to the additive notation, we have
(zx)pz−p = pc− a− (pb− a) = p(c− b), and consequently,
V ab1 /[t, z
p] = (〈a〉 ⊕ 〈b〉 ⊕ 〈c〉)/〈p(c− b)〉
= (〈a〉 ⊕ 〈b〉 ⊕ 〈c− b〉)/〈p(c− b)〉 ∼= Zp ⊕ Zp ⊕ Cp.
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Hence V ab ∼= Zp ⊕ Zp ⊕ Zp ⊕ Cp.

Proof of Theorem 1.2. (i) =⇒ (ii). We follow the idea of [8, Theorem]. We
will use induction on the size of Γ. If Γ consists of a single vertex, the result is
clear. Suppose that Γ has more than one vertex. Let Γ1, ..., Γk be the connected
components of Γ. If k ≥ 2, then we have the free pro-p decomposition GΓ =
GΓ1 ∐ · · · ∐GΓk . Since Γi, for each 1 ≤ i ≤ k, does not have an induced subgraph
of type C4 or L3, by induction every closed subgroup of GΓi is a right-angled Artin
pro-p group. Let H be a closed subgroup of GΓ. Since GΓ is finitely generated,
it follows that H is a second-countable subgroup of GΓ. The pro-p version of
the Kurosh subgroup theorem ([29, Theorem 9.6.2]) together with the fact that a
free pro-p product of right-angled Artin pro-p groups is a right-angled Artin pro-p
group (as it follows from the pro-p presentation), yield that H is a right-angled
Artin pro-p group.
Now suppose that Γ is connected. Since Γ does not have an induced subgraph
of type C4 or L3, by [8, Lemma], Γ has a vertex v which is joined to every other
vertex of Γ. Let Γ′ be the graph obtained from Γ by removing the vertex v and
all edges incident to v. Then GΓ = 〈v〉 ×GΓ′, where 〈v〉 is isomorphic to Zp. Let
ϕ : GΓ ։ GΓ′ be the natural projection. We have the short exact sequence
〈v〉 →֒ GΓ
ϕ
։GΓ′.
LetH be a closed subgroup ofGΓ. Then we have the following short exact sequence
H ∩ 〈v〉 →֒ H
ϕ
։ϕ(H).
We claim that this sequence splits. Note that, since Γ′ does not have an induced
subgraph of type C4 or L3, by induction ϕ(H) is a right-angled Artin pro-p group.
Let ∆ be a profinite graph such that ϕ(H) = G∆. Let u be a vertex of ∆, and
choose h ∈ H such that ϕ(h) = u. Note that ϕ is an endomorphism and so
ϕ(h) = u ∈ G. Then ϕ(uh−1) = uu−1 = 1, so uh−1 ∈ 〈v〉. Hence, there is
αu ∈ Zp such that uv
αu ∈ H . It follows that the function ρ : ϕ(H) → H defined
by ρ(u) = uvαu for each u ∈ ∆ is a homomorphism. Indeed, since v is in the
center of GΓ, for u1, u2 ∈ Γ
′, we have
[ρ(u1), ρ(u2)] = [u1v
αu1 , u2v
αu2 ] = [u1, u2] = 1.
Moreover, ϕρ = 1ϕ(H), i.e., ρ is a section.
Now since H ∩ 〈v〉 is in the center of H , we have H = (H ∩ 〈v〉) × ϕ(H). If
H∩〈v〉 is trivial, then H = G∆. Otherwise H∩〈v〉 is isomorphic to Zp, so we have
H = G∆′, where ∆
′ is a profinite graph obtained from ∆ by adding a new vertex
w and a profinite space E homeomorphic to V (∆) of new edges that connect w
with all the vertices of ∆. More precisely, if ρ : E −→ V (∆) is a homeomorphism,
then we define d0(e) = w and d1(e) = ρ(e) for each e ∈ E.
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Note that the proof above yields also the implication (i) =⇒ (vi).
(ii) =⇒ (iii). Follows from the fact that every right-angled Artin pro-p group
has a torsion free abelianization, as follows from its pro-p presentation.
(iii) =⇒ (i) and (iv) =⇒ (i). Suppose that Γ contains C4 as an induced
subgraph. Then GΓ contains a subgroup isomorphic to GC4 . Note that GC4 =
F2 × F2, where F2 is a free pro-p group of rank 2. Hence, by [24, Theorem 5.6],
GC4 is not a Bloch-Kato pro-p group, and therefore, GΓ is not as well. Moreover,
GΓ is not absolutely torsion free by [37, Proposition 4]. On the other hand, if Γ
contains L3 as an induced subgraph, then GΓ is not a Bloch-Kato pro-p group by
Theorem 3.1, and GΓ is not absolutely torsion free by Theorem 3.3.
(i) =⇒ (v). This implication follows from [4, Proposition 5.8].
(v) =⇒ (iv). Follows from the solution of the Bloch-Kato conjecture (cf. [26,
Theorem A]).
(vi) =⇒ (v). This implication is proved implicitly in the proof of [4, Proposition
5.8]. Indeed, it follows from the following two facts. If K is a field that contains a
primitive pth root of unity, then GK((t))(p) ∼= Zp ×GK(p). Moreover, if the pro-p
groups G1 and G2 occur as maximal pro-p Galois groups, then their free pro-p
product occurs as well as the maximal pro-p Galois group of some field K (cf. [11,
Remark 3.4]). 
4. Smoothness Conjecture
First we recall some definitions and facts that will be needed in the proof of
Theorem 1.5. A morphism ϕ : (G1, θ1) → (G2, θ2) of p-oriented pro-p groups is a
continuous homomorphism ϕ : G1 → G2 such that θ1 = θ2 ◦ ϕ. If ϕ induces an
isomorphism G1/Φ(G1) → G2/Φ(G2) on the Frattini quotients, then we say that
ϕ is a cover. Given a p-oriented pro-p group G = (G, θ), let
K(G) = 〈h−θ(g)ghg−1 | g ∈ G, h ∈ Ker(θ)〉.
Note that K(G) is a normal subgroup of G contained in Ker(θ) and Ker(θ)/K(G)
is abelian. Moreover, since the generators ofK(G) belong to Frat(G), we have that
K(G) ⊆ Frat(G), so the morphism G → G/K(G) is a cover. When G is torsion
free, G/Ker(θ) ∼= im(θ) is isomorphic to either Zp or {1}. Hence, the epimorphism
G/K(G)→ G/Ker(θ) splits, so we have
G/K(G) ∼= (Ker(θ)/K(G))⋊ (G/Ker(θ)),
where the action is given by exponentiation by θ, i.e., g¯h¯g¯−1 = h¯θ(g) for h ∈ Ker(θ)
and g ∈ G. We say that G = (G, θ) is Kummerian if Ker(θ)/K(G) is a free abelian
pro-p group (cf. [12, Definition3.4 and Proposition 3.3]). Note that in this case
G/K(G) is a herediteraly uniform pro-p group (cf. [17] and [24]); in particular, if
θ is the trivial homomorphism, then G/K(G) is a free abelian pro-p group.
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Lemma 4.1. Let G be a pro-p group and let (G, 1) be the p-oriented pro-p group
(G, θ) with θ the trivial homomorphism. Then (G, 1) is 1-smooth if and only if G
is absolutely torsion free.
Proof. Note that, if θ is the trivial homomorphism, then Zp(1) is the trivial module
Zp (see (1.1)), so for every open subgroup U of G, H
1
cts(U,Zp(1)) coincides with
the group of continuous group homomorphisms Hom(U,Zp). Since Hom(U,Zp) =
Uab/Tor(Uab), the natural epimorphism Zp(1) ։ Fp = Zp(1)/pZp(1) induces an
epimorphism H1cts(U,Zp(1))։ H
1(U,Zp(1)/pZp(1)) for every open subgroup U of
G if and only if Uab is torsion free. Hence, (G, 1) is 1-smooth if and only if G is
absolutely torsion free. 
Lemma 4.2. Let Γ be a finite simplicial graph that contains as an induced subgraph
either C4 or L3 and let G = GΓ. Then there is no homomorphism θ : G → Z
×
p
such that the p-oriented pro-p group (G, θ) is 1-smooth.
Proof. Suppose there is a homomorphism θ : G → Z×p such that (G, θ) is 1-
smooth. For a closed subgroup K of G, let H2(K, θ|K) := H
2(K,Zp(1)); here
we consider (K, θ|K) as a p-oriented profinite group. Fix a closed subgroup C of
G and let UC be the family of all open subgroups of G containing C. By [31,
I.2.2, Proposition 8], H2(C, θ|C) ≃ lim−→U∈UC
H2(U, θ|U). It follows that (C, θ|C) is
1-smooth for every closed subgroup C of G. Hence, in order to prove the theorem,
it suffices to show that there is no homomorphism θ : G → Z×p such that the
p-oriented pro-p group (G, θ) is 1-smooth when Γ = C4 or Γ = L3.
First suppose that Γ = C4. Then (G, θ) is 1-smooth, and by [12, Theorem 7.1],
every open subgroup of G is Kummerian. By Lemma 4.1 and Theorem 1.2, θ 6=
1. Hence, G/K(G) ∼= (Ker(θ)/K(G)) ⋊ (G/Ker(θ)) is a non-abelian hereditarily
uniform pro-p group. Recall that the morphism ϕ : G→ G/K(G) is a cover. Let
G = F2 × F2 = 〈x1, x2〉 × 〈x3, x4〉. Since ϕ is a cover, there is some i, say i = 1,
such that ϕ(x1) 6∈ Ker(θ)/K(G). Then the centralizer of ϕ(x1) is procyclic, which
is a contradiction, since ϕ(x3) and ϕ(x4) commute with ϕ(x1).
Now suppose that Γ = L3. Let V = 〈yz, yz
x, yp, t = wx〉 be the subgroup of
G = GL3 = 〈x, y, z, w | [x, y] = [y, z] = [z, w] = 1〉 defined in the proof of
Theorem 3.3. Then (V, θ|V ) is 1-smooth. Since the abelianization of V has a non-
trivial torsion, θ|V 6= 1. Hence, V/K(V) ∼= (Ker(θ|V )/K(V)) ⋊ (V/Ker(θ|V )) is a
non-abelian hereditarily unfiorm pro-p group. Moreover, since the minimal set of
generators of V consists of four elements and V/Ker(θ|V ) ∼= im(θ|V ) ∼= Zp, we have
that Ker(θ|V )/K(V) is a free abelian pro-p group of rank 3. Consider the cover
ψ : V → V/K(V), and let a1 = ψ(y
p), a2 = ψ(yz), a3 = ψ(yz
x), b = ψ(t). Then
{a1, a2, a3, b} is a minimal generating set of V/K(V). Note that y
p commutes with
yz and yzx, so a1 commutes with a2 and a3. Since any element of V/K(V) which is
not contained in Ker(θ|V )/K(V) has a procyclic centralizer, it follows that a1, a2, a3
are contained in Ker(θ|V )/K(V), and moreover, they form a minimal generating
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set of the group. Hence, b /∈ Ker(θ|V )/K(V), so there is some 0 6= γ ∈ Zp, such
that b−1ab = a1+pγ for every a ∈ Ker(θ|V )/K(V). Now recall that in V we have
the relation (zx)p = (zp)t. If we apply ψ to this relation, we obtain the relation
ap3a1
−1 = a2
p(1+pγ)a1
−(1+pγ), which clearly yields a contradiction, since 〈a1, a2, a3〉
is a free abelian pro-p group of rank 3.
Hence, there is no homomorphism θ : G → Z×p such that the p-oriented pro-p
group (G, θ) is 1-smooth.

Proof of Theorem 1.5. The proof follows from Lemma 4.2, Lemma 4.1 and
Theorem 1.2. 
5. Coherent right-angled Artin pro-p groups
A finite simplicial graph Γ is called a chordal graph if each circuit of Γ of four or
more vertices has a chord (i.e., an edge that is not part of the circuit but connects
two vertices of the circuit). Equivalently, every induced circuit in the graph should
have exactly three vertices.
Lemma 5.1. If Γ is a chordal graph, then the commutator subgroup of the right-
angled Artin pro-p group GΓ is a free pro-p group.
Proof. First, let us make a useful observation. Given a finite simplicial graph
Π, denote by X its set of vertices. Then by definition, GΠ is generated by the
elements of X and it is defined by the commutator relations coming from all pairs
of adjacent vertices. Since in all these commutator relations the exponent sum of
each letter of X is 0, a word w on X ∪X−1 represents an element of [GΠ, GΠ] if
and only if the exponent sum of each letter of X in w is 0. It follows that, if ∆ is
an induced subgraph of Π, then [G∆, G∆] = [GΠ, GΠ] ∩G∆.
Now let Γ be a chordal graph. We proceed by induction on the number of vertices
of Γ. Clearly, the result holds when Γ consists of a single vertex. Therefore, let us
assume that Γ has n > 1 vertices. If Γ is a complete graph, then GΓ is abelian, so
[GΓ, GΓ] is trivial. Otherwise, there are proper induced subgraphs Γ1 and Γ2 of Γ,
such that Γ = Γ1 ∪ Γ2 and Λ := Γ1 ∩ Γ2 is a complete (possibly empty) subgraph
of Γ ([7]). Now it follows from the definition of right-angled Artin pro-p groups
that GΓ = GΓ1 ∐GΛ GΓ2. Moreover, the above observation yields that
[GΓ1, GΓ1 ] = [GΓ, GΓ] ∩GΓ1 , [GΓ2 , GΓ2] = [GΓ, GΓ] ∩GΓ2
and [GΓ, GΓ] ∩GΛ = [GΛ, GΛ] = 1.
Since Γ1 and Γ2 are induced subgraphs, they are both chordal graphs, so by
induction, it follows that [GΓ1 , GΓ1] and [GΓ2, GΓ2 ] are free pro-p groups. By [29,
Theorem 9.6.1], we have that [GΓ, GΓ] is a free pro-p product of free pro-p groups
and therefore, it is a free pro-p group. 
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Corollary 5.2. Let Γ be a chordal graph. Then every finitely generated subgroup
of G = GΓ is of type FP∞. In particular, G is coherent.
Proof. Let H be a finitely generated subgroup of GΓ. Then H is a free by abelian
pro-p group, since by Lemma 5.3, GΓ is a free by abelian pro-p group. Let F be a
normal free pro-p subgroup of H such that H/F = Q is abelian. By [16, Theorem
2, Section 3], H is of type FP∞ if and only if Hi(F,Zp) is finitely generated Zp[[Q]]-
module for each i ≥ 1. Now since H is finitely generated, H1(F,Zp) is a finitely
generated Zp[[Q]]-module. Moreover, since F is free, Hi(F,Zp) = 0 for each i > 1.
Hence, H is of type FP∞. In particular, H
2(G,Fp) is finite, which yields that G
is coherent, by [31, Proposition 27]. 
Before proving the converse of Corollary 5.2, we define some natural subgroups
of right-angled Artin pro-p groups, following an idea of Droms in [9]. Let Γ be
a finite simplicial graph with a vertex set X. Given an element g ∈ GΓ, with
g = xk11 x
k2
2 · · ·x
kn
n , where each xi is a vertex of X , define |g| = k1 + k2 + · · ·+ kn.
Note that |g| is well defined, since each defining relation of GΓ has exponent sum 0.
Then the map that sends g to |g| defines a homomorphism from the abstract right-
angled Artin group G(Γ) to Z, which we extend to the natural homomorphism
f : GΓ → Zp on the corresponding pro-p completions. Let KΓ be the kernel of f .
Observe that for any induced subgraph ∆ of Γ, one has KΓ ∩G∆ = K∆.
Lemma 5.3. Let Γ be a finite connected simplicial graph, and let Γ1 and Γ2 be
proper induced subgraphs of Γ such that Γ = Γ1 ∪ Γ2 and ∆ = Γ1 ∩ Γ2 6= ∅. Then
KΓ = KΓ1 ∐K∆ KΓ2.
Proof. First note that GΓ = GΓ1 ∐G∆ GΓ2. Let S = S(GΓ) be the standard pro-p
tree associated with this amalgamated free pro-p product. By [29, Theorem 6.6.1],
in order to prove the Lemma, it suffices to show that KΓ acts transitively on E(S),
or equivalently, that KΓG∆ = GΓ. Note that, since ∆ is non-empty, it follows that
f|G∆ : G∆ → Zp is surjective. Hence KΓG∆ = GΓ, as desired.

Lemma 5.4. Let T be a finite tree and let G = GT be the right-angled Artin pro-p
group associated to T . Then KT is a free pro-p group of finite rank.
Proof. We proceed by induction on the number of vertices of T. Clearly, the result
holds when T consists of a single vertex. Therefore, let us assume that T has
n > 1 vertices. Since T is a finite tree, it contains a pending edge e with a
pending vertex v. Let T0 be the tree obtained from T by removing e and v.
Then GT = GT0 ∐〈w〉 (〈w〉× 〈v〉), where w is the other vertex of e. By Lemma 5.3,
KT = KT0∐K{w}K{v,w,e}. ButK{w} is trivial, K{v,w,e} is infinite procyclic andKT0 is
a free pro-p of finite rank, by the induction hypothesis. Hence, KT = KT0∐K{v,w,e}
is a free pro-p group of finite rank. 
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Proposition 5.5. If a finite simplicial graph Γ is not chordal, then G = GΓ is
not coherent.
Proof. Suppose Γ is a circuit of length greater than 3 and let v, w be two non-
adjacent vertices of Γ. Then there are proper induced subgraphs T1, T2 of Γ such
that Γ = T1∪T2, T1∩T2 = {v, w} and T1, T2 are trees, and so GΓ = GT1∐F (v,w)GT2
splits as an amalgamated free pro-p product. Note thatK{v,w} is the normal closure
of v−1w in F (v, w); in particular, K{v,w} is a free pro-p group of infinite rank. By
Lemma 5.3 and Lemma 5.4, KΓ = KT1 ∐K{v,w} KT2 , where KT1 and KT1 are free
pro-p groups of finite rank.
Now by [27, Prop. 9.2.13], we have the following Mayer-Vietoris sequence in
cohomology
0 // H1(KΓ,Fp) // H
1(KT1 ,Fp)⊕H
1(KT2 ,Fp) // H
1(K{v,w},Fp) EDBC
GF@A
// H2(KΓ,Fp) // H
2(KT1 ,Fp)⊕H
2(KT2 ,Fp) // · · ·
Then H1(KT1,Fp) ⊕ H
1(KT2 ,Fp) is finite and H
2(KT1 ,Fp) ⊕ H
2(KT2 ,Fp) = 0.
On the other hand, H1(K{v,w},Fp) is infinite, since K{v,w} is a free pro-p group
of infinite rank. Thus H2(KΓ,Fp) is infinite, or equivalently, KΓ is not finitely
presented (see [31, Proposition 27]). Hence, G is not coherent. 
Proof of Theorem 1.6. The proof follows from Corollary 5.2 and Proposition 5.5.

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